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THE MATHEMATICAL MODEL 

 OF THE OPERATION PROBLEM PRESENTED  

ON A PARTICULAR MODEL 

 
Abstract: The aim of the thesis is to design a model of closed system 

M/G/1 for knitting production in the Svitex company. I strive to deter-

mine specific values of the machine idle time. The Poisson process for the 

occurrence of disturbances was used. This is consistent with the proposed 

pair of compatible hypotheses. The procedure described has proven to be 

correct. After postulation of the hypotheses, a specific closed system was 

proposed. When applying to a particular situation, a result using the equa-

tions and normative condition was elaborated. 
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Introduction 
As Galileo Galilei already said, the book of Nature is written in the 

language of mathematics. Martin Heidegger, in turn, "characterizes the 

mathematical nature as being exact, which means the link to the subject 

circuit in that it is a time-domain definition of velocities in motion, meas-

urable through numbers and counting" (Ambrozy 2012, p. 264). Mathe-

matics is also a great tool for analyzing production processes, which is 

reflected in the impact on the economy. At this point, I strive to create a 

closed M / G / 1 system for the Svitex company involved in knitting pro-

duction and to define a non-productive period of idle time. 

To fulfil the aim, the following steps should be done: 

1 to develop the theoretical background to the issue, 

2 to get data from the enterprise, 

3 to analyze the current state according to the obtained data, 

4 to address the current situation using statistical methods, 

5 to evaluate the situation. 

To meet the objectives of the problem, there were used empirical, sta-

tistical analytical methods of work, modelling and comparison. Empirical 

methods as observation and measurement were applied to obtain business 

data. When analyzing the current state, I used the 
2
 statistical method of 

good match to determine if the input flow of requirements is the Poisson 
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process. Subsequently, a closed M / G / 1 model is created as the system 

has met the necessary conditions. In the "Proposals and Measures" chap-

ter there was used a comparison of the current state with the models pro-

posed. 

 

 The 
2
 test of good match is more detailed. By testing statistical hy-

potheses, verification of the accuracy of the claim is done. The hypothesis 

is a certain claim that is not underpinned yet. In this case, it relates to the 

probability distribution of random variables by testing the consistency of 

empirical and theoretical distribution. The hypothesis that was validated 

is a zero hypothesis. It is marked with H0. Its negation is the hypothesis 

H1. The conclusion of the test is the decision which hypothesis is accepted 

and which is refused. 


2
 good match test is also called the Pearson test. It tests for a certain 

probability distribution the following pair of hypotheses: 

 

H0: empirical frequencies in each category are equal to theoretical fre-

quencies; vice versa 

H1: empirical frequencies in each category are not equal to theoretical 

frequencies. 

Empirical frequencies in this case represent the number of inputs of 

system requirements per day, i.e. how many times the machine needs a 

certain repair done by worker per day. Theoretical frequencies on the 

other hand are derived from Poisson division (Kingman 1992). If the dif-

ference is not statistically significant, that is, it is small enough, I will not 

refuse the zero hypothesis, I will accept it, i.e. inputs to the system are 

Poisson-like. 

The test criterion (statistics) is   
2
 = 
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where 

ni - are empirical frequencies, 

pi - are theoretical frequencies of probabilities based on the theoretical 

probability distribution - Poisson distribution, 

n - is the size of the file whose elements are being examined, 

k - is the number of the categories into which the elements are divided 

- the number of machine inputs into the system per day. 

 

If the zero hypothesis is valid then 
2
 ≈ 

2
 (r-1-p), where r is the num-

ber of intervals and p is the number of estimated parameters of a given 

division (for the Poisson distribution, the number of estimated parameters 

is p = 1). This means that the zero hypothesis - the choice stems from the 

Poisson division - applies if this variable has an asymptotically chi-
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squared distribution of r - 2 degrees of freedom. If χ
2
 ≥ , I reject a 

zero hypothesis at a level that is asymptotically equal to α. 

"In the Pearson test, the so-called Cohran rule (Plackett 1983) should 

be applied consequently. The condition for using the test is ipn.  ≥ 5 for 

all i = 1, 2,. . . , k. This condition is sometimes difficult to follow in prac-

tice. However, strict adherence to it is necessary only in the few degrees 

of freedom of test statistic χ2. It has been verified that for the number of 

inputs r-1-p ≥ 3, it is sufficient for ipn. ≥ 4 and for r-1-p ≥ 6 to suffice 

ipn.  ≥ 1. If these conditions are not met, it is recommended to merge the 

adjacent intervals with small number. (Ostertagová, 2011)” 

The Svitex company is an enterprise active in the textile industry. The 

main business is textiles, clothing and leather production. Production fo-

cuses mainly on the production of knitted ladies' stockings, socks and 

hosiery. 

The BUZI knitting machine will be focused on in the thesis. There are 

more than 200 of these machines in the workshop. One worker - operator 

serves 35 machines. Their role is to rework machines for new designs 

(new products), quality control ("moulding"), continuous maintenance 

(e.g. "lubrication" of machines) and repair of faults. The disorders that 

may occur are e.g. electric problems, tearing in the heel, tear-off core 

cane, skidding, broken needle, erased programme, broken tightening up, 

need to replace the seals, run eyes, jerks, and so on. 

Modelling the occurrence of failures on BUZI machines as a Poisson 

process. 

First, it was needed to determine how often failures occur on individ-

ual machines. By observing, measuring, and following calculations, it was 

found that the average number of failures per day per machine was 0.60. 

This figure expresses the number of inputs to the system, i.e. λ = 0.60. 

The number of requests that run in the system is the number of machines 

that is handled by an operator, i.e. m = 35. Then it was needed to find out 

whether the inputs of the requests represent the Poisson process. The 


2
good match test has been used. The hypotheses have been formulated: 

 

H0: empirical frequencies in each category are equal to theoretical fre-

quencies, i.e. they are the Poisson division; 

vice versa 

H1: empirical frequencies in each category are not equal to theoretical 

frequencies.As I have already mentioned, I did not recognize Poisson dis-

tribution, so I approximated it with a point estimate. Due to this, the sam-

ple mean is λ . The measured data are shown in Table 1, where k is the 

number of failures that occurred on one machine in one day, and ni is how 
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many times the situation occurred on thirty-five machines during eighty-

nine days. Using the table, this parameter was calculated from the rela-

tionship 

  k=0,60, n= 1,038 

  

Table 1. Empirical number of failures 

    

 

 

 

 

 

 

 

 

 

 

Source: Own processing 

 

For the calculation of the test statistics, the auxiliary Table 2 was pre-

pared. The first column contains the k values that express the number of 

times the machine enters the system a day. For these needs, I have merged 

intervals for k = 4, 5, 6, as they exhibited low abundance. It was also nec-

essary to meet Cochran’s rule.  There has been reduced the number of 

degrees of freedom from 7 to 5 (k - 1 - p = 7 - 1 - 1 = 5) and then n.p(k) ≥ 

3.  In the second column,  according  to relationship there  are calculated  

theoretical probabilities p(k) = . In the third column, the theoreti-

cal number of Poisson disturbances is calculated as n.p(k). In the fourth 

column there are inserted empirical abnormalities of malfunctions ni. In 

the fifth column, the difference in empirical and theoretical probabilities 

is increased to the second, which was used in relation for the calculation  
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. The partial calculations are in the last column, 

where the last row shows the test characteristic 
2
 = 6.883. 

 

 

k ni k.ni 

0 589 0 

1 320 318 

2 97 194 

3 25 75 

4 5 28 

5 0 0 

6 2 12 

 ∑ 1.038 627 
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Table 2. Calculation of test characteristic 
2
 

 
Source: Own processing 

 

From the statistical tables, it was found that the critical value  


2

(0,05, 3) = 7.81 (Markechová, Tirpáková and Stehlíková, 2011, p. 361). 

The condition 
2 

≤ 
2

(0,05, 3) is fulfilled, so the hypothesis H0 was accepted. 

Thus, the distribution of malfunctions is Poisson division. Comparison of 

empirical and theoretical abnormalities on BUZI machines is also illus-

trated in Figure 1. 

 

 
Figure 1. Empirical and theoretical abnormalities on BUZI ma-

chines  
Source: Own processing  

 

Modelling of closed system M / G / 1 

With regard to the fact that in this situation, one worker is assigned to 

operate 35 same BUZI  machines, supervising and performing certain 
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operations on them, and also requirements occurring at random times, i.e. 

this corresponds to the Poisson division, so this situation corresponds to 

the M / G / 1 model - compare (Yang et al., 1994). 

The next task is to determine the mean stoppage of the machine in the 

queue, i.e. unproductive machine downtime and use of employee’s work-

ing time. 

To solve the example, it is still needed to know the average value of 

the service duration τ. It was calculated as the average time of the opera-

tor’s service, which came out 22 minutes. Since the machines work con-

tinuously, i.e. during three shifts and I count with one worker per one 

shift, after the separation, the duration of service is 7.3 minutes, which is 

0.12 h = τ. 

Now I need to calculate P0 using the systems of equations and norma-

tive condition. For this assignment, it is a set of thirty-five equations (due 

to their extensiveness, I do not present them all) : 

 

Po = (Po + P1) π1,0 

P1 = (Po + P1) π1,1 + P2 π2,0 

P2 = (Po + P1) π1,2 + P2 π2,1 +  P3 π3,1 

P3 = (Po + P1) π1,3 + P2 π2,2  +  P3 π3,1 + P4 π4,0  

P4 = (Po + P1) π1,4 + P2 π2,3 + P3 π3,2 + P4 π4,1 +  P5 π5,0 

P5 = (Po + P1) π1,5 + P2 π2,4 + P3 π3,3 + P4 π4,2 +  P5 π5,1 + P6 π6,0 

.  

. 

. 

P30 = (Po + P1) π1,30 + P2 π2,29+ P3 π3,28 + P4 π4,27 + P5 π5,26 + P6 π6,25 + 

P7 π7,24+ P8 π8,23 + P9 π9,22 + P10 π10,21 + P11 π11,20 + P12 π12,19+ P13 π13,18 + 

P14 π14,17 + P15 π15,16 + P16 π16,15 + P17 π17,14+ P18 π18,13 + P19 π19,12+ P20 

π20,11 + P21 π21,10 + P22 π22,9+ P23 π23,8 + P24 π24,7 + P25 π25,6 + P26 π26,5 + P27 

π27,4+ P28 π28,3 + P29 π29,2 + P30 π30,1 + P31 π31,0  

 

P31 = (Po + P1) π1,31 + P2 π2,30+ P3 π3,29 + P4 π4,28 + P5 π5,27 + P6 π6,26 + 

P7 π7,25+ P8 π8,24 + P9 π9,23 + P10 π10,22 + P11 π11,21 + P12 π12,20+ P13 π13,19 + 

P14 π14,18 + P15 π15,17 + P16 π16,16 + P17 π17,15+ P18 π18,14 + P19 π19,13+ P20 

π20,12 + P21 π21,11 + P22 π22,10+ P23 π23,9 + P24 π24,8 + P25 π25,7 + P26 π26,6 + 

P27 π27,5+ P28 π28,4 + P29 π29,3 + P30 π30,2 + P31 π31,1 + P32π32,0  

 

P32 = (Po + P1) π1,32 + P2 π2,31+ P3 π3,30 + P4 π4,29 + P5 π5,28 + P6 π6,27 + 

P7 π7,26+ P8 π8,25 + P9 π9,24 + P10 π10,23 + P11 π11,22 + P12 π12,21+ P13 π13,20 + 

P14 π14,19 + P15 π15,18 + P16 π16,17 + P17 π17,16+ P18 π18,15 + P19 π19,14+ P20 

π20,13 + P21 π21,12 + P22 π22,11+ P23 π23,10 + P24 π24,9 + P25 π25,8 + P26 π26,7 + 

P27 π27,6+ P28 π28,5 + P29 π29, 4 + P30 π30, 3 + P31 π31, 2 + P32π32,1+ P33 π33,0  
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P33 = (Po + P1) π1,33 + P2 π2,32+ P3 π3,31 + P4 π4,30 + P5 π5,29 + P6 π6,28 + 

P7 π7,27+ P8 π8,26 + P9 π9,25 + P10 π10,24 + P11 π11,23 + P12 π12,22+ P13 π13,21 + 

P14 π14,20 + P15 π15,19 + P16 π16,18 + P17 π17,17+ P18 π18,16 + P19 π19,15+ P20 

π20,14 + P21 π21,13 + P22 π22,12+ P23 π23,11 + P24 π24,10 + P25 π25,9 + P26 π26,8 + 

P27 π27,7+ P28 π28,6 + P29 π29, 5 + P30 π30, 4 + P31 π31, 3 + P32π32,2+ P33 π33,1 + 

P34 π34,0  

 

P34 = (Po + P1) π1,34 + P2 π2,33+ P3 π3,32 + P4 π4,31 + P5 π5,30 + P6 π6,29 + 

P7 π7,28+ P8 π8,27 + P9 π9,26 + P10 π10,25 + P11 π11,24 + P12 π12,23+ P13 π13,22 + 

P14 π14,21 + P15 π15,20 + P16 π16,19 + P17 π17,18+ P18 π18,17 + P19 π19,16 + P20 

π20,15 + P21 π21,14 + P22 π22,13+ P23 π23,12 + P24 π24,11 + P25 π25,10 + P26 π26,9 + 

P27 π27,8+ P28 π28,7 + P29 π29, 6 + P30 π30, 5 + P31 π31, 4 + P32π32,3+ P33 π33,2 + 

P34 π34,1 + P35 π35,0  

 

Normative condition is 



34

0

1
k

kP . 

To solve given system of equations I need to define coefficients πk,j. 

Since I consider that the operating time is constant, the coefficients will 

be calculated from the relationship  

 

πk,j  =  

 

where 

m = 35 machines 

λ = 0.6 

τ = 0.12 h 

k = 1, 2, 3, . . . . .,35 

j = 0, 1, 2, 3, . . . ,35 

The programme Excel was used to calculate coefficients πk,j. 

The coefficients are presented in Table 3. 
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Table 3. Part 1 Coefficients πk,j 
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Table 3. Part 2 Coefficients πk,j 

 
 

 

Table 3. Part 3 Coefficients πk,j 
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Table 3. Part 4 Coefficients πk,j 

 

Source: Own processing 

 

To simplify the probability solution, I have modified the normalization 

condition: 
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A fraction 
0P

Pk  is substituted by coefficient kq , so I get a relationship  
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The substitution has to be done also in system equations: 

 

Po = (Po + P1) π1,0 

 

Po =  Po. π1,0 + P1. π1,0 

 

1 = π1,0 + 
0

1

P

P
 π1,0              where          

0

1

P

P
= 1q  

 

Then 
0,1

0,1

1

1




q . 
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By gradual adjustments of equations and pitching, I get successive co-

efficients kq : 

 
 

0,2

1,11,11

2

1



 


q
q  

 

 
 

0,3

2,12,111,22
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0,4

3,13,112,221,33

4

1



 


qqq
q      etc. 

Values kq
 
calculated by using these expressions are shown in Tab. 4. 

 

Table 4. Values qk for 35 BUZI machines 

 
Source: Own processing 

Now I can calculate P0 from the relationship
0

34

0

1

P
q

k
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, from which it 

follows that  P0 = 




34

0

1

k

kq

 

Therefore, P0 = 1.32367E-12. I can further express the other condi-

tional probabilities of Pk under condition that there enters the request into 

the system, provided that there are already in the system k requirements 

that are not necessary for my solution to the problem, but for complete-

ness they will be introduced. These are listed in Table 5. 
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Table 5. Conditional probabilities Pk for 35 BUZI machines 

 
Source: Own processing 

 

Such probabilities can be interpreted by, for example, the probability 

of entering the twentieth machine into the system, i.e. it  needs repair, 

while there are already 19 machines in the system (one is being repaired 

and the others are waiting) as P20 =0.143689127.  

    

 

The mean value of machine waiting before repairs is estimated with P0 

from relationship  

 

EW = (m – 1) τ -  = (35 – 1). 0.12 -   = 

2.413333 hours/machine. 

 

The middle cycle of each machine is comprised of a mean value of: 

1.67 hour operating outside the system, i.e. the machine is working, 

2.41 hour waiting for repair, 

0.12 hour duration of the repair, 

which is a total of 4.2 h. This figure represents the mean duration of 

the cycle. 

The mean number of returns per machine is expressed from relation-

ship  N [  + EW + τ] = 1, from which it follows that N = 0.238. It must be 

taken into account that m = 35 and hence the repair per hour needs an 

average 

35 x N = 35x 0.238 = 8.33 machines. The length of one fix is τ = 0.12 

h.  This means that one worker – performing operation works 0.12 x 8.33 
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= 0.9996 h/h. The worker is utilized at 99.96%, while only 0.04% of his 

time is unused. 

On the other hand, there is a non-productive machine lag, which is cal-

culated as the share of its waiting for repair and the mean duration of the 

cycle: 

Non-productive machine lag  =  = 0.5738, i.e. 57.38%. 

 

Conclusion 

From the enclosed M / G / 1 system model created for the Svitex knit-

ting company, it is clear that the non-productive lag of the BUZI machine 

is distinctive, while the worker is used to the maximum. In addition, it is 

known that the worker performs other activities, in addition to repairing 

malfunctions, such as machine reworking, quality control, and continuous 

machine maintenance. This means that the waiting time of the machines 

in the queue is still prolonging. 

 

Bibliography 

AMBROZY, M., 2012. Matematická prírodoveda a Martin Heidegger, 

In: Fyzika a etika VI. Nitra: UKF, ISBN 978-80-558-0085-1. 

KINGMAN, J. F. C., 1992. Poisson Processes. Oxford: Oxford Sci-

ence Publications, ISBN 978-0198536932. 

MARKECHOVÁ, D., a TIRPÁKOVÁ, A., a STEHLÍKOVÁ, B., 

2011. Základy štatistiky pre pedagógov, s.361., Univerzita Konštantína 

filozofa v Nitre, Nitra, ISBN 978-80-8094-899-3. 

OSTERTAGOVÁ, E., 2011. Aplikácia Pearsnovho testu dobrej zhody 

v technickej praxi. Transfer inovácií 19/2011. Košice: TU, ISSN 1337-

7094. 

PLACKETT, R. L. 1983. Karl Pearson and the Chi-Squared Test, In: 

International Statistical Review / Revue Internationale de Statistique 51 

(1), ISSN 0306-7734 

YANG, T., POSNER, M. J. M., TEMPLETON, J. G. C., LI, H., 1994. 

An approximation method for the M/G/1 retrial queue with general retrial 

times, In: European Journal of Operational Research 76 (3), ISSN 0377-

2217. 

 

 

 

 

 

 

 

 


